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PACS 73. 21. La - Quantum dots 

PACS 73.23.Hk - Coulomb blockade; single-electron tunneling 

Abstract. - We propose a quantum transport experiment to prepare and measure charge- 
entanglement between two electrostatically defined quantum dots. Coherent population trapping, 
as realized in cavity quantum electrodynamics, can be carried out by using a third quantum dot 
to play the role of the optical cavity. In our proposal, a pumping which is quantum mechanically 
indistinguishable for the quantum dots drives the system into a state with a high degree of entan- 
glement. The whole effect can be switched on and off by means of a gate potential allowing both 
state preparation and entanglement detection by simply measuring the total current. 
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Introduction. — Experiments on transport through 
quantum dots (QDs) have recently experienced such a de- 
velopment that it is now possible to reproduce many of 
the phenomena that the field of quantum optics, involving 
atoms, has been exploring for many years [1,2]. In partic- 
ular, state preparation and manipulation of one or more 
QDs is nowadays feasible by controllable external means 
such as gate and bias potentials plus either continuous or 
AC electric and/or magnetic fields [3]. Each QD can be 
considered as a quhit with the lower state |0) correspond- 
ing to a neutral QD and the upper state |1) to having 
one extra electron in the QD. Due to Coulomb blockade, 
charging the QD with more than one electron requires 
an energy that can be considered infinite for any practi- 
cal purpose, reducing the Hilbert space to that spanned 
by the two mentioned states. A key point for building 
up logical gates is the capability of producing entangle- 
ment between two quhits. Although entanglement effects 
in transport through double QDs have been extensively 
studied [2-9], quantum optics's know-how can be helpful 
to control such a quantum feature. 

The aim of this work is to make a proposal for ex- 
perimentally preparing and measuring a charge-entangled 
state of two QDs. We start from the pioneering ideas of 
ref . [7] , where the constraint of having no more than one 
electron in the whole system allows the population trap- 
ping in a dark-entangled state. The same configuration 
does not give the desired results within a regime more ex- 
perimentally accessible (more than one electron in total) 



as we will show below. We obtain interesting results (in 
experimentally accessible conditions) when adding a new 
and crucial physical effect borrowed from cavity quantum 
electrodynamics (CQED): cross-terms in the incoherent 
pumping [10, 11] of two QDs in a microcavity can pro- 
duce entanglement by driving the system to a quasi-dark 
state (a state which is only weakly coupled to the cav- 
ity) [12]. However, it is difficult to detect this process by 
optical means. In the framework of transport, the role of 
the cavity can be played by a third QD and both incoher- 
ent pumping of the QDs and cavity photon emission find 
their counterpart for the transport realization in the tun- 
neling processes produced by the application of a bias. We 
will show here that, apart from all the analogies, there is 
an important advantage in doing transport: entanglement 
could be easily detected in the same setup that prepares 
the equivalent to the quasi-dark (entangled) state. 

The system and its dynamics. Our system is 
presented in figure 1(a). A two-dimensional electron gas 
is depleted in some regions by means of a series of gate 
potentials. A bias applied from the left to the right lead 
produces two tunneling processes: incoherent population 
of QDs A and B as well as electron current from QD C 
to the right lead. QDs A and B are coherently coupled to 
QD C (acting as the cavity in CQED). The gate-potentials 
V3 , V4 and V^ are designed to control the levels of the three 
quhits, V2 and Vs control the in- (Pp) and out- (P^) tun- 
neling rates while the gates V5 and Vq control the coherent 
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couplings gAC and qbc respectively. The crucial novelty 
with respect to that of [7] is the gate Vi. Switching on 
and off the Vi gate, one can experimentally tunc from a 
quantum mechanically distinguishable (Vi on) to an indis- 
tinguishable {Vi off) pumping of the two QDs A and B. 
Let us first see how this appears in the quantum mechani- 
cal description of the transport through the whole system 
and later what are the physical effects that can be tuned 
in this setup. 




Fig. 1: Color online, (a) Scheme of the proposed setup, with 
a two-dimensional electron gas depleted by 8 gate potentials 
Vi. Vs, Vi and W control the levels of the QDs. V2 and Vg 
control Fp and r„. V5 and Ve control qac and qbc- Switching 
Vi from "on" to "off" tunes the pumping of A and B from dis- 
tinguishable to indistinguishable quantum mechanically. The 
current is induced by a bias from left to right, (b) Scheme 
of the dynamics in the Hilbert space spanned by \nA,nB,nc) ■ 
We simplify the plot by setting detunings to zero. 



Coulomb blockade on each QD limits the Hilbert space 
to that spanned by a basis of 8 states \nA,nBTnc) (de- 
picted in figure 1(b)) with riA.B.c = 0,1. Cross term 
effects that wc are going to concentrate on only occur for 
electrons with the same spin. We therefore consider the 
system under the action of an in-plane magnetic field and 
neglect the spin. Both intra-dot Coulomb blockade and 
spin polarisation stand within an experimentally accessi- 
ble regime. To reduce the Hilbert space to the lowest four 
states in figure 1(b), as is done in [7], would require an 
extremely high inter-dot Coulomb repulsion, something 
unreasonable in a system such as the one shown in fig- 
ure 1(a). The coherent part of the dynamics is controlled 
by the Hamiltonian (we take ?i = 1): 

-ffo = ^ l^tc\ci+ g^c{c\cc + c^c'^i) (1) 

i=AM 

where Ci, c\ are annihilation and creation operators of an 
electron in QD i. We have taken the level of the QD C as 
the origin of energies so that only the detunings A^, 
and the couplings gACi 9bc are relevant. 

Following the methods of quantum optics [1,2, 13], we 
obtain a master equation that describes the whole dy- 
namics of the density matrix p within the Born-Markov 
approximation [10-14]: 

^ ^i[p,Ha\+igAB[p,{c\cB+c\cA)] 

+^f(2ccpc^c " ^c^cP ~ pc^c^c) 
+ ?Eti {2VipV,-ViP-pV^) 

i,j=A,B 

(2) 

where Vi = |n^, ns, 't-c)("-a, "-s, "■cj- As is well known, 
the equation of motion consists of a coherent part and a 
dissipative part. The coherent part has the contribution 
of the Hamiltonian dynamics Hq on the first line while 
the incoherent part features the in- (Fp) and out- (F^) 
tunneling processes (on lines 2 & 4), and dephasing at 
rate 7d (line 3). There are also two extra ingredients which 
appear in eq. (2) from considering couplings to reservoirs 
up to the second order [10-14]. These two new terms 
are responsible for the new physics that appears in this 
problem. 

The first term is an incoherent contribution to the dy- 
namics given by a cross Lindblad term in the pumping 
part, on line 4, involving operators with different QD in- 
dexes. It appears when the QDs A and B are pumped from 
the same reservoir (left lead) in a complete indistinguish- 
able (quantum) way. In such a case, the corresponding 
rate of pumping is given by Tab = Tp- This corresponds 
to switching off the gate Vi. By smoothly switching it 
on, the upper and lower parts of the left lead separate 
from each other. Tab is reduced down to the situation 
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in which the two left reservoirs become completely inde- 
pendent and Tab = 0. Cross terms in the pumping are 
therefore experimentally controllable. 

The second term on the right hand side of line 1, is 
a generalization of that contributing to the Lamb-shift 
of a single two-level system [10-14]. So, a common in- 
distinguishable pumping provides an effective Forster-like 
coupling between QDs A and B with coupling parameter 
gAB ~ '^Tab [14]. This coupling, which is thus coherent, 
contributes to enhancing the entanglement between QDs 
A and B, although it stems from the incoherent pumping. 
Once again, one can experimentally control this mecha- 
nism from switching on Vi , which gives qab ~ 0, to switch- 
ing it off, which gives qab = SFp. 

Once the dynamics of the density matrix is known, 
one can compute the current flowing through the system, 
which is an easily measured experimental quantity. We 
use the input-output formulation of optical cavities [13], 
in which the role of the cavity is played by the QD C. 
The current is simply given by / = Ti^{cc''cc)- In the 
stationary limit, which is the case of greatest interest to 
us, the master equation (2) simplifies to a set of 64 linear 
equations, plus the normalization condition Tr(p) = 1. In 
order to correlate the current with the entanglement of A 
and B, we quantify the latter by the tangle [15], that in 
our case reads 



[max{0,2(|pio,oi 



V Poo,ooPii,ii)}]^ 



(3) 



in terms of the matrix elements of p = Ttc{p) [12]. 



Results. — Let us discuss the results to be expected 
from the setup we propose. We consider that the QDs A 
and B are equal, = = A, what can be achieved by 
adjusting independently the gates V3 and V4. The entan- 
glement can be manipulated by having different couplings 
gAc and gsc as controlled by the gates V5 and Vg. Here- 
after, all the couplings and rates will be given in units of 
9AC = 1- 

First of all, we analyze the adequacy of truncating the 
Hilbert space basis to only four states [7]. For this pur- 
pose wc consider the simple case of neglecting cross-terms 
and estimate the total mean number of excitations in the 
system. For a system that is pumped with a total rate 
Ptot, decays with Ktot and that has a saturation limit S, 
we find that the mean total number of excitations in the 
strong coupling regime is given by the expression: 
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Ktot 



(4) 



In our case where Ptot = 2Fj, (two QDs each pumped 
at rate Fp), Ktot = Tk and 5 = 3 (maximum of three 
electrons in the system), the general formula eq. (4) gives, 
in the symmetric case that we consider in this paper, Tp ~ 
Fk = F: 

2F 

(„) = 3 = 2 (5) 

\ / 2F + F ^ ' 
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Fig. 2: Color online. Current intensity / (empty symbols) 
and tangle r (full symbols) as a function of detuning A when 
Vi is so large that pumpings to A and B are distinguishable 
from each other, i.e. jab = 0. Two different dephasings are 
considered: 7d — 0.001 (in solid-red) and 7d = 1 (in dashed- 
blue). Fp = Fk = 2 and gsc = 1. Energies and rates in units 
of qac ~ 1. Strong Coulomb blockade is considered either 
inter-QD (maximum charge of 1 electron in the whole system, 
plotted with squares) or just intra-QD (maximum charge of 
1+1-1-1=3 electrons, plotted with circles). Red and blue full 
circles coincide to zero (as the tangle in the three-electron case 
for all dephasing rates is zero) and therefore they appear super- 
imposed in the plot. Also the current in the case of 1 electron 
and negligible dephasing (7d = 0.001) is zero. 



This result, that agrees with numerical calculations, is the 
first indication of the inadequacy of truncating the Hilbert 
space to only one electron. Moreover, we find that the rel- 
evant magnitudes under study (/ and r) depend strongly 
on the truncation. Figure 2 shows / and r as a function 
of the detuning for two different dephasing rates, 7d = 1 
and 7d = 0.001, both with truncation (a maximum of one 
electron in the system) and without truncation (a maxi- 
mum of three electrons in the system) . When truncation 
is not imposed, r is always zero so that entanglement is 
not achieved. 

The approximation of keeping just one electron in the 
whole system forces the steady state of QDs A and B to 
be a singlet |S 0) = (|100) - |010))/v^ (with QD C in 
the vacuum). This implies a tangle of one and no current 
passing through the system if the dephasing is negligi- 
ble [7] . This is an example of a trapping mechanism. The 
pumping is populating both the singlet and its symmetric 
counterpart, the triplet state |T 0) = (|100) + |010))/V2. 
However, when the couplings are equal gAC = gBC, the 
singlet is dark, does not couple to other states and finally 
stores all the excitation of the system in the steady state. 
Therefore, when more than one electron is allowed, this 
trapping mechanism breaks as also the states [line) be- 
come pumped. In the absence of cross terms, the tangle 
drops to zero and there is current through the system. A 



E. del Valle et al. 



negative result to be drawn from figure 2 is that without 
cross terms, in the actual case of more than one electron, 
there is no entanglement to be expected experimentally. 
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Fig. 3: Color online. Current intensity / (in red) and tangle 
r (in blue) as a function of Tab (in logarithmic scale). This 
is experimentally controlled by varying V\ from a large value 
(giving Tab = 0) to zero (giving Tab = bp). A = 4, Fp = 
F„ = 2, 7d = O.OOf and qbc = 0.7 with energies and rates in 
units of qac ~ 1. Fast rising of r, detectable by fast quenching 
of /, is due to the switching on of a quantum mechanically 
indistinguishable pumping. Only intra-QD Coulomb blockade 
is considered (maximum charge of 3 electrons). 

Our main finding is the entanglement induced by cross 
terms in the dynamics, enhanced by the coherent coupling 
between A and B. Hereafter we consider the general case, 
i.e., without truncation to only one electron. Figure 3 
shows / and r as a function of Tab for the larger detuning 
A = 4 and the lowest dcphasing 7d = 0.001 considered in 
figure 2. An important fact is that now the couplings gAC, 
gsc niust be slightly different (for instance gsc = 0.7) so 
that the singlet is not completely dark, but a quasi-dark 
state weakly coupled to the rest of the system (with a 
couphng given by \gAC — gBc\/V2). When the gate Vi 
is completely switched on. Tab = and, as it happened 
in figure 2, there is current larger than / = 0.2, imply- 
ing no entanglement. Increasing Tab by quenching the 
gate Vi does not affect the behavior of the system until 
the regime where cross terms apply fully is reached. Here, 
when Tab tends to Fp, adding cross terms in eq. 2 trans- 
lates in pumping only the symmetric states (under QDs A, 
B exchange). Therefore the incoherent pump with cross 
terms neither excites the singlet nor induces decoherence 
of it. This fact, together with the weak link between the 
singlet state and the other levels, results in a slow coherent 
transfer of population to the singlet |S 0), which can be 
described as a quasi-dark state free of decoherence. This 
novel trapping mechanism is enhanced strongly by the di- 
rect coupling gAB, also induced by the cross pump. In this 
case, the tangle becomes close to its highest possible value 
of 1. The detectable manifestation is a sharp reduction 



of the current through the system, as QD C is practically 
empty. This means a clear way of entangled state prepa- 
ration between QDs A and B as well as a straightforward 
measurement associated to its occurrence (drop of the cur- 
rent). 
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Fig. 4: Current intensity / (a) and tangle r (b) in density 
plots as a function of qbc and A in the quantum mechanically 
indistinguishable case Tab = Fp. Fp = F„ = 2 and 7d = 
0.001. Energies and rates are in units of qac = 1- Bright areas 
correspond to maximum values of current and tangle and the 
dark ones to zero. 

Finally, we want to show how entanglement induced by 
cross terms depends on the coherent part of the dynam- 
ics controlled by Hq. For this purpose, figure 4 presents 
current / (a) and tangle r (b) as a function of the dctun- 
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ing A and the coherent coupling qbc (always in units of 
gAc)- The tangle plot shows that detuning is needed to 
generate a high degree of entanglement. As we explained, 
also slightly different couplings gAc a-nd gsc are necessary 
to create the quasi-dark state. In figure 3 we were giving 
results for the situation with highest tangle (r = 0.85), 
that is gBC ~ 0.7 and A = 4, corresponding also to lowest 
current (/ — 0.01). On the other hand, for the symmet- 
ric case gAC = gsc, the singlet is completely dark and 
therefore there is no entanglement, as we also showed in 
figure 2. In this case the current is nonzero. The correla- 
tion between high tangle and negligible current and vice 
versa is clear from figure 4. 

Conclusions. — In conclusion, we present a proposal 
of quantum transport experiment for preparing and mea- 
suring in the steady state a charge-entangled state of 
two non-interacting QDs: entanglement is produced by 
means of a quantum mechanically indistinguishable pump- 
ing when each QD is coherently coupled to a third one, 
playing the role of a cavity in CQED. Indistinguishable 
pumping produces cross Lindblad terms and a coherent 
direct coupling between the dots. Their combined effect 
results in a coherent trapping mechanism in an entangled 
state. This source of entanglement can be switched on 
and off by means of a gate potential. This allows both 
state preparation and entanglement detection by simply 
measuring the total current. 
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